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1. INTRODUCTION

Let I" be a Jordan curve in the finite z-plane whose interior and exterior
are denoted by Int I" and Ext I, respectively, and let # be a family of
complex-valued functions defined on I". The following question has a long
history in approximation theory: Find a sequence of point sets {S,}7_; .
where S, = {Z,}5_y consists of » (distinct) points on I, such that the
polynomials Z,[f; -] of degree at most # — 1 which interpolate to a fixed
but arbitrary function fe % on S, converge on Int I". Implicit in this is
the assumption that the limit function ¥ = lim,,_,» L,[f; -1has an appropriate
relation to f.

Present knowledge is satisfactory only in the case where & is the family
of functions analytic on I'U Int I'. For this case, Fejér [8, Section 7.6}
proved that lim, ., L,[/; z] = f(2), uniformly on I"U Ini [, if and only if
the sets 5, are uniformly distributed on I". We refer to [8] for the definition
of uniform distribution. Curtiss [1-3] has studied this question in the case
where # == ¥(I"), the family of functions continuous on i". He proved that
if I" is sufficiently smooth and if the sets S, consist of the images of the roots
of unity under a suitable mapping function, then for z € Int I" one has

}H)‘g Ln[f' Z] =z : (C) 7e. {}
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200 THOMPSON

In [6] the author indicated permissible perturbations of the sets .S, which
maintain the conclusion of Curtiss’s theorem. In this paper we consider
the question for # = %(I"), I being a piecewise smooth curve with corners
of certain types. The only previous results for nonsmooth I" and 4(I") are
in [5] where only certain cusps were allowed. We refer the reader to [2] and
[8] for surveys of the problem and its history.

2. DEFINITIONS, NOTATION AND PRELIMINARIES

We suppose that the origin of the z-plane is contained in Int I and that
the logarithmic capacity of I"is 1. Let z = @(w) be the one-to-one conformal
mapping of the exterior of the unit disc in the w-plane onto Ext /", normalized
by the conditions @(o0) = o0, @'(0) > 0. There is a natural parametrization
¢ of I' obtained by extending @ to a homeomorphism of [w| > 1 onto
I'U Ext I' and setting ¢(r) = P(e*??), 0 < ¢ < 1. Extend the domain of
definition of ¢ to all real values of ¢ by periodicity.

In this paper we consider a relaxation of the smoothness conditions
imposed by Curtiss. In particular, suppose that I” possesses a continuously
turning tangent except at a finite number of points py ..., px , at which we
suppose I’ to have half tangents with interior angle #f3;, 0 < f8; <2,
j==1,2,.., K. For each j, the region £; in the {-plane defined by

2, = §§:§=1E———;—,26Ext1"€
i

is a bounded simply connected region not containing the origin. Thus there
is a single valued branch of {*/-82 defined on £; . Introduce

1 1 1/(2—g;)
B(w) = %_—_d)(w) — —p7§

@
and note that 3 = @(w) maps | w| > 1 one-to-one and conformally onto
a Jordan region £2* in the 3-plane. Moreover, the origin of the 3-plane is a
boundary point of 2* and 8£2* has a tangent there. As before, @ can be
extended to | w| > 1 and the function

8() = @), 0<rt<1 3)

provides a parametrization of 22*. We suppose 8 to be defined for all
values of ¢ by periodicity.
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DermtioN 1. I'is said to possess an admissible corner at p; if

0 0<p <,
(i) there exists a constant 5 > 0 such that

0ty = et +th()), it1<nm,

where /4 is continuously differentiable (as a functionof r)in | 1 | <%, Q) = 0,
and %’ has a modulus of continuity o which satisfies

Jm M du < .
0 u

DeriNtTioN 2. A Jordan curve is said to be admissible if

(1) it has a continuously turning tangent except at a finite number of
admissible corners {p;},

(ii) there is an integer N and a real number = such that

(P} Cizz = $IUIN) + 7], k = 1,2, N,

Clearly these conditions are of quite different types. The first specifies
the local behavior of the curve in a neighborhood of a corner and the second
stipulates how the corners are distributed over the curve. Set inclusion in (if)
may be proper, that is, the number of corners may be much smaller than ¥,
A number of geometric conditions on I" which guarantee its admissibility
can be deduced from theorems of Lindeldf, Ostrowski, and Warschawski
[4,7]. As examples of admissible curves I we cite any regular polygon,
and the curve I specified by

I'={z|z(z—2) =1,Rez < IL.

Let & be the set of preimages on the unit interval of the corners {z},
ie, & ={5:0<s <1, §s)e{p}} Then for s €0, 1)\ & define

Ps, w) — g[@(W) — DY (w — &, Tw] =1 w ke @

(P’(e?.‘n'is)’ W o= e'Z'rr“is,

and
(s, 1) = | W), O0<r<L. 5

Extend ) by periodicity to all real ¢. The following lemma can be proved by
an application of the Cauchy integral theorem to the function w* log ¥z, w)
which is holomorphic in | w | > 1 and continuous on | w | = 1 {(cf. [1]). Here
that branch of the logarithm is selected for which limy,,_, log ¥(s, w) = 0.

640/5/2-6
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Lemva 1. [fs€[0, 1)\ & then [;1og (s, 1) dr = O.

Let S, ={z.}%: and form the fundamental polynomials o,(z) =
[Ti-1 (z — zuy). The Lagrange polynomial L,[f; '] which interpolates on
the set S, to a function f defined on I is given by

L,f: 2z} = i S (Znr) ©0af2)

=1 wn’(z'nk)(~ - an) )

Following Curtiss [2] we are led to consider, for z e Int I,

lim wn(2), ©

and
ILL3 2l = 3 | n@) | onGade — 2l @
k=1
Known techniques [1, 6] give

LeEmMA 2. If I is admissible and

S b (=t m)l

k=1

where 7, are real numbers depending on n but not on k, then lim, ., w,(z) = 1
uniformly on closed subsets of Int I

It follows from [2] that for S, as in Lemma 2 a sufficient condition for (1)
to hold uniformly on closed subsets of Int I for any fe €(I") is that the
sequence of norms {|] L,[-; z]|}n., be uniformly bounded for z in any closed
subset of Int I". The major portion of this paper is devoted to establishing
this boundedness.

3. APPROXIMATE QUADRATURE AND OTHER LEMMAS

In this section we collect some technical lemmas which will be used later.
The first two can be viewed as error estimates for particular numerical
integration schemes. Lemma 3 is well known [1] and is stated here only for
completeness. The second is more interesting. It provides a uniform estimate
for the error in approximate quadrature of a family of functions each of
which has no more than a logarithmic singularity.
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LemMa 3. Let f be absolutely continuous on {a, b) and let n be a positive
integer. Then

: __,) — flf{t) d i < { [f1{t)i dv.
. P

Levma 4. Let f be defined on the rectangle 0 < s <1, a <t <5 with
the point (s, t) = (0, @) deleted by
f(S> Z) = IOg(S + - a}'

For each positive integer n set ty, = a-+{k — Hb —ayn, k=1,2,...n
Then for all 5,0 < s < 1, and for n = 1, 2,...,

| .
J fis, 1) dt <L {8)
Proof. Making a change of scale on the i-axis if necessary, we may

assume ¢ = 0 and b = 1. Straightforward integration gives

fllog(s+l‘)fif= %(ll—{—s)lzggg—u——slogs——l, 0<sgl, @
1] . = 3,

We prove (8) for 5 > 0, and since the left-hand side is a continuous function
of 5 at 5 = 0, the desired inequality holds for s = § as well. We begin by
observing that

nf(1 - s) log{l + 8) — slogs — 1 -+ log n]

Z [(k + ns)loglk -+ ns) — (k — 1 5 ns) loglk — 1 + us) — 1],

and using this together with the explicit form of 7,,;, in the lefi-hand side of (8},
which we denote by R(s), we obtain

— 1 i
< : P )—-ﬂ[(l+5)10g(1+s)——310g5__ 1:‘%

R(s) = i é_l Tog (

= k—%+ns [ kdms v
,,élgk’g( k + ns ) (k i-i—ns)iog(\?;_— 1—'}-;13,! T

M:

Y 3 (1 a 2k —11 -+ 271s>

i~
¥

Ty
+(k—1+115)10g(1 "*}—m}‘-}g

-+ &n, 5).
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Here «(n, s) is the term cosresponding to k¥ = | in the second sum; it can
be bounded by routine methods. Each of the logarithms occurring in the
sum in the last expression can be expanded in a Taylor series and the resulting
double sum will have the form

i %i (=D . i (—1y . { 10

= |2 J@k — 1 + 2nsy 2 jtk— 14 nsyt

Writing out the series in the curly brackets in (10) and rearranging terms,
we have

(m_m)

1 1
T (3(k T Fm)E 3k —1 2ns)2) -

—~1
~ @k =1 F 2ns5)(2%k — 2 F 2ns)

+a —as-+a, — .

An easy calculation shows that a; > a;,.; > 0 for all j > 2, and therefore
the series Z;’;z (—1) a; converges to a sum A4, 0 <4 <a,. Also
a; < [(2k — 1 + 2ns)(k — 1 + ns)]™* so the entire series in curly brackets
converges to a sum A4,(s) with

| 4090 < 5= : k>

F Tt ms)e ~ k=g’

Using this and easily computed bounds on (7, ), we finally have
R(s) <}~ Y k2 + e(n,5) < 1.
4 k=1

The purpose of the next lemma is to use the conditions associated with
admissibility to obtain a representation of ¢ which is valid for s and 7 near
certain critical values.

LemMma 5. Let I be an admissible curve with interior angle By at the
corner p; = ¢(s;), =1, 2,..., K. Then for each j, j = 1,2,..., K, there is a
positive number 8 = 8; and a function y = y; defined on

D={s500<]t—5]<50<|s—5|<8
and satisfying

(1) ¢<S’ t) = X(Sa t)(l r— S5 l + [ §— I)I_Bi: (S3 t) € D,
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(i) for each s, 0 <<|s — s;] < 8, the function {3, ) is absolutely
continuous on 0 < |t — §; ] < 8,

(iii) there are constants m > 0, M, and M, such that

m << X(sa t) < 1‘{1 s (S, t) €,

ASitd dX 1
j !W(s,t)!dthz, 0<is—s| <8

Proof. There is no loss of generality, and the computations are easizr,
if we assume s5; = 0. We will show that suitable § and y exist for s > 0,
t 2 0. The details for the remaining portions of D are similar. We set
B =8;,0a=2—B;.Then aris the exterior angleat p; = pand | <« < 2.
Since @ maps | w| > 1 onto Ext I" it is the exterior angle which naturally
occurs in our approach to the problem. By (4) and (5} we have for s and ¢
sufficiently small, s == 0,

§i—

P(t) — P(s) )
(s, 1) = {| et — giwis !, fE s,
| ¢'(s)l/ 2, t =g,

where the prime denotes differentiation. Henceforth we will consider only
the first of these expressions, and assume that the obvious extension is
made for 7 = s. Also, by (2) and (3), recalling that B =2 — «,

$0) = |l + 3

I4
and consequently

| [0G)] — [6(s)} |
TOF T UPHIOET + (e — e |

=\w
f— s

l.[’(sa t) =

g(s, 1).

It foliows from the properties of § and the expounential function that for
sufficiently small & > 0 the function g(s, -) is continuously differentiable on
0 <C ¢t << & and there are constants m, My , Mysuch that 0 <m << g(s, £) < M;,
0<<r<<3,0 <s<9,and |(dg/d)(s,t)] < M,,0<1<3,0<s<8. The
proof of the lemma will be completed by showing that the function

G(s, 1) = w

— §

(s + 1p-=
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satisfies the conditions required of y in (ii) and (iii) above. By the admissibility
of I" we have 0(t) = c[t + th(r)], and hence

el A+ hOF = s+ AP 4 e

G(S,I)ZIC["‘ [ — 5
= el [5=5] @+ sy=eit + hp
5% L+ a0k — [+ AP
BCET R s { (D

Consider first the function

1 —

S
t—s

r(s, t) = ( m) (t + s)t=.

For each fixed s this function is positive, absolutely continuous, monoto-
nically increasing from 1 to «2'~* as # increases from 0 to s, and decreasing
as ¢ increases from s to 6. The total variation of r(s, *) in [0, 6] is less than
2[a21~ — 1] and therefore

J‘Z [%(Sa 1) ‘ dt <<2(a2* —1)

for all s, 0 <5 < 3. Also, % is continuously differentiable on [0, 8] and
lim,_o A(¢) = 0 which implies that the function [l + A(#)]* is absolutely
continuous, and bounded above and away from zero for ¢ sufficiently small.
It follows that the product r(s, t)[1 -+ A(z)]* has all of the desired properties.

We continue the proof by showing that the remaining term in (11) has
the desired properties and, moreover, can be made as small as we choose
by selecting 8 small enough. Then the sum of both terms in (11) satisfies (ii)
and (iii). It is clear that the term s*(s -+ #)'~* is absolutely continuous, has a
uniformly bounded total variation for 0 < s <{ 8 and can be made small
by taking & small. We turn to the term

H(s, 1) = {[1 + A@) — [1 + K(s)F}/( — 9).

It follows from the differentiability assumption on % that for each fixed s
the function H(s, -) is bounded and absolutely continuous on [0, 8]. We
show now the existence of a constant M satisfying

f:]%‘;f(s,t)}de (12)
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for all 52(0, 8]. To this end, set m(t) = {1 + A{2)l. Since limg o A{t) = ©
we see that m is differentiabie on [0, 8] for & sufficiently small. Letting primse
derote differentiation, we have

H(s, 1) — g J’t

3

-
[N
[

)
(' (8)y — ' (1)} -:!z:;/(z‘ — 53

If @ denotes the modulus of continuity of &’ then the modulus of continuity
w,, of i’ satisfies wy(x) < K max[w(x)}, x] for some constant X and sufficiently
small x. Thus, if j‘j o(w)/u du is finite, then so is j‘i ()1 du. From (13)
we obtain

nlt—8

sl < | Ul

l -
w1 {1) a’uJ / {(t —s5)? i

s

and consequently

~8 GRS ~ s
J [ H'(s, )| dt <2 ( “ (1) a’uJ/x'z dx
¢ vgtYg /

¢

<M, +2 if—’)a du.

.
]
Jg 2

Here M, is a constant which depends only on w, and 8 so that (12) is estzb-
lished and the proof of the lemma is complete.

4. A THeEOREM FOR CURVES WiTH ONE CORNER

In order to indicate the flavor of the proof and at the same time keep the
technical difficulties to a minimum, we consider first a special case. A more
general theorem is given in Section 5.

THEOREM 1. Let I' be an admissible curve with one corner p, end let

where &(ty) = p. Then for each closed set ECInt I' there is o constant M
depending only on E such that || L,[-; 2\ < M, ze E.

Proof. Making a shift of coordinates along the r-axis, if necessary, we
may take 7, = 0. Introduce ¢,, = (k — Y)/n, £ = 1, 2,..., 1, and adopf the
convention that the dependence of 7,; on n is understood so that we write
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simply ¢, for t,,. The conclusion of the theorem follows from (7) and
Lemma 2 together with the estimate

b)) — pI <M, n=12,.., (14)

el

7

n
2
k=1
J

ey
o

M a constant. We actually prove something stronger than (14). Indeed,
since

n
[11e— e | =n, k=1,2...,n
i=1
itk
for all n, the estimate (14) follows if we can show that there is a constant M,

satisfying

n e217it,- _ e2m'tk

3 — gy | S

M, (€))
=1
ink
for k= 1,2,...,n and all n. The remainder of this section is devoted to
proving (15).
Taking logarithms and using the notation of (5) we seek to prove that

3. log 4z, » 1) (16)
J:élk
is uniformly bounded from below. The technique used to establish this is
a standard one of obtaining bounds on

1) = 3, log flts 1) — n [ log (t, 1) dr

i#k

We estimate I,(#,) differently depending upon the location of #,. Take 6,
o << 1/2, such that the conclusions of Lemma 5 hold. If #, €[5, 1 — 8] then
(1 , ) € Ct and is bounded away from zero. For such #,’s the uniform
boundedness of 1,(t;) follows from Lemma 3. The remaining cases, £, € (0, 8),
fe(l — 8, 1), recall 1, 5= 0, require additional effort. The details are given
only for #; € (0, 8), the other situation can be handled similarly.

Suppose then 1, € (0, 8). Write 1,(t,) as the sum of three terms: The first
consisting of the sum over those j, j == k, for which 0 < f; << 8 and the
integral from O to 8; the second consisting of the sum over those j for which
8 < t; <1 — 3 and the integral from 8 to 1 — 8; and the third consisting
of the remaining terms. Denote these three parts I,/(z.), I,(t;) and I (f;),
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respectively. We consider the second one, 7, (¢;). Suppose there are m = m(n)
nodes 1; in the interval [, 1 — 8]; denote them 7y ,..., 7, . The expression

" R 1 Tm,“"(ll’Zﬂ) . . ,% ;
In(ty) — [ ?:1 log (ts. , 7p) — TR T e log ¥ty , 1) Jij |

a

is bounded, and an application of Lemmma 3 shows that the quantity in
square brackets is also uniformly bounded. Thus 7,(¢;) is uniformly bounded
for £, £(0, ) and all a.

Next we consider 1,,'(¢,); the argument for 7, (#;) requires no essentially
different techniques. If {#; ,..., tn} = {t; 1 0 << t; < 8} then [,(#,) + log (&, , 1)
differs from

mo e

— P P / .
Au(t) = ; log i(tr, 1)) — o | log e, 1) d

by a bounded quantity. Thus we turn our attention fo A4,(#;), and make use
of Lemma 3. If o is the exterior angle at p, we have

At = | 3 Tog 1t 1) — o " Tog e 1 dt%
i1
(= 1) |3, log(ty + 1) —~ = [ logits -+ ),
o} (mfn) 4y ) 3

and the expression in the first curly brackets is bounded (uniformly in 7,

and n) by Lemma 3 and the properties of y, while the expression in the

second curly brackets is bounded (uniformly in #; and n) by Lemma 4.
Finally, by Lemma 1, |, z log J{#; , ) dt = 0 and therefore we have proved

that there is a constant M, independent of £, € (G, 8) and », such that

> log ity , 1;) + (o — 1) log 24, | < M.

j=1 H

i#E

Here we have also used the uniform boundedness (in #,) of log ¥{t; , &). The
analogous estimates for other #,’s are

k3
Z log l/}(tkrt.l)i <A/17 Ike[8,1 _83,
j=1

ik

| 3 log ftte, 1) + (e — Dlog2(l — )| <M, fe(l =3, D
Jje=1

iEk
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Noting that 1 <o <2 and & <<1/2, we have («x— 1)log2t and
(o« — 1) log 2(1 — 1;) negative, and counsequently these three inequalities
prove that (16) is bounded below, uniformly in ¢, and n. Our proof is
complete.

5. CURrVES WITH SEVERAL CORNERS

Let I" be a general admissible curve. One proves the uniform boundedness,
on closed subsets of Int I', of the Lagrange interpolation operators L,['; z]
in a manner similar to that used in the proof of Theorem 1. It is necessary
to subdivide the interval [0, 1] into several subintervalis, each containing
only one preimage of a corner, and proceed as above. If the set of corners
{p;} is contained in {z: z = $[(k/N) + <], k =1, 2, 3,..., N}, as it must be
for some 7 and N by admissibility, then we take

S, ={z:z=¢[(k — H/Nn+ 7], k= 1,2,.., Nn}, n=12,...

We summarize our results in

THEOREM 2. Let I' be an admissible Jordan curve. Then there is a set
L,[-; z] of Lagrange interpolation operators for which (1) holds for all f e €(I"),
z e Int I', uniformly on closed subsets of Int I'.

Moreover, if the set of corners {p;} is contained in

{z:2 = J[(k/N) + 7], k = 1,2,..., N},

then one can take L,[f; -] to be the polynomial of degree at most Nn — 1
which interpolates to f on the set {z: z = $[(k — H)/aN + v,k = 1,2,..,uN}.

It is clear that a certain flexibility exists in the selection of the sets S, .
That is, if S, generates polynomials which satisfy (1) for all fe €(I"), and
S, consists of a set {#,,} with %,, “close enough” to z,; , then S, must also
generate convergent polynomials. However, Lemma 4 is quite delicate and,
in this treatment, essential to our conclusions. It is not clear that one can
formulate a precise yet simple criterion for “close enough” in this context
as one can for the analogous question for smooth curves [6].
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